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Abstract—The problem of heat transfer to slurries is analysed theoretically. Three models of heat transfer
are considered. namely, the thermal penetration model, the surface renewal model and the film model.
Analytical expressions for the heat transfer coefficient and the enhancement factor are derived. It is found
that the prediction of the enhancement in heat transfer is independent of the hydrodynamic model
employed, in spite of the apparent differences in the expressions for the rates of heat transfer.

INTRODUCTION

DispersIONS of solid particles in fluid phases are
encountered in a number of practical systems of
interest to engineers. These include, among others,
drying of wet granular materials or suspensions (such
as paints, varnishes, lotions and foods), cooling of
nuclear reactors (especially when twisted-tape inserts
are used in the cooling systems) [1,2], use of het-
erogeneous working fluids in Brayton space power
generation cycle [3-5], process of extraction of heat
from flue gas laden with alumina-silica catalyst in the
petroleum industry [5] and fluidized-bed operations.
Fluid flow visualization in the presence or absence of
heat transfer is another scientific/engineering activity
wherein finely divided glistening particles like poly-
styrene or aluminium powder are employed in sus-
pension form [6, 7). The performance of cooling sys-
tems depends upon the coolant properties, operating
conditions and the design of equipment besides the
materials of construction. A significant modification
of the thermal transport properties may be achieved
by heterogenizing the coolant fluid phase [8,9]. A
promissory example would be the use of a slurry of
metal powder instead of a homogeneous fluid. The
present paper is concerned with the theoretical inves-
tigation of heat transfer to slurries. Specifically, an
attempt has been made to arrive at analytical
expressions for the average rate of heat transfer and
the enhancement factor. The theory has been
developed along the guidelines of the analogous pen-
etration and surface renewal models of mass transfer
proposed by Higbie [10] and Danckwerts [11], respec-
tively. A film model of heat transfer incorporating the
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theory of Brownian motion of particles has also been
presented.

THE PHYSICAL SYSTEM

Figure 1 illustrates the physical system considered
for the analysis of heat transfer to slurries. It also
depicts the conceptual elements of the hydrodynamic
models, namely, an ‘element’ of the penetration and
the surface renewal models and a *film’ of the steady-
state model. The one-dimensional coordinate system
is represented by the positive half of the x-axis drawn
perpendicular to the solid surface and with the origin
placed at the surface.

THE THERMAL PENETRATION AND THE
SURFACE RENEWAL MODELS

The following set of assumptions is chosen as a
basis of the formulation of the mathematical model.

(1) The monodisperse particles in the suspension
are spherical in shape, and very small in size, i.e.
smaller than even the penetration scale of heat. They
have a very high thermal conductivity. Further, it is
assumed that Nu = 2 for the particles.

(2) The solid particles do not react with the liquid.

(3) The slurry can be regarded as a dilute system
with low viscosity.

(4) The bulk of the slurry is well mixed and heat
transfer to the bulk occurs via exchange of elements
of slurry in the vicinity of the heated surface.

(5) The heat transfer problem is one-dimensional.
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NOMENCLATURE

a. cross-sectional area of a single particle [m?]
a surface area of a single particle [m?]
A surface area [m?]
C, specific heat at constant pressure
Dkg 'K
d, diameter of a particle [m]
E, instantaneous enhancement in heat
transfer
h  heat transfer coefficient [W m~>K™']
i,j summation indices
k  thermal conductivity [Wm~' K]
K\, K, constants defined in equations (4)
and (5)
m  mass [kg]
n summation index
n,  number of particles per unit volume [m~?]
N  Avogadro’s number
Nu Nusselt number

p

PF psdueo-function. Finite part of the

diverging integral | * % f(r)¢ (1) dt =
{f, ¢>, as defined by Hadamard
radius [m]

rate of heat transfer [W m~?)
universal gas constant

[Jkmol-' K~

E=e

s speed of a particle [m s~ ']

T  absolute temperature [K]
time [s]

~

u  unit step function

x  spatial coordinate [m]

Z  average number of collisions of the
particles with the interface.

Greek symbols

o  thermal diffusivity [m? s~ ']
6  film thickness [m]
A impulse function
n  fluid viscosity kg m™' s~ ']
0  nondimensional temperature
A fractional area offered by the particles
¢ nondimensional spatial coordinate
p  density [kgm~7]
T nondimensional time.
Subscripts
0  denotes initial conditions
1 liquid
Is  liquid to solid
p  particle
s solid
sl slurry
w  wall
Superscripts

— averaged over time
* characteristic time scale.

The pertinent differential equation model appears as
follows.

Liquid-side energy equation :

6T, 2T, h.sn a

Energy equation for a single particle :

oT,
W = hlsap(T'l - Ts)

m,Cpy

Initial conditions:

(T, —T,). 1
R ,C,,.(‘ ) M At1=0, T,=T,=T,.
: . : . : . : . : . Weil stir.red sh..xrry lsulk : :
. ° . : L ° : : ‘ L] .Tl S-T ¢ . ‘ . :
Slurry’ . < e T
‘element J . ° Staghant film ° .

T TezTy

é x-axis *

\\\\\\\\\\\\ N\ \\ NN\ \\\\\\\\\\\\\\\\\\\

Heated surface

FI1G. 1. Geometry and coordinate system.
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Boundary conditions :
Atr1>0,
At =0,

x=0, T,=T,=T, (b)

X — 0, 7‘I=’Ts=’T0' (C)

Nondimensionalization of equations (1) and (2) and
conditions (a)-(c) is based on the following choice of
variables :

T—-T, T,-T,
9|—7..w—_‘7;, =TT, ¢ = x/d,
T=oyt/d}. 3)

The dimensionless equations resulting from equations
(1)-(3) are

20, 8%,
5= agr —KiG=0) “
and
00,
= = Ka(0,-0) ©)
where
_ hgaynyd;
K, = k
and
K, = %
oy m, Gy
Conditions (a)-(c) become
att=0, 6,=0,=0.0 (d)
fort>0, ¢€=0, 6,=0,=10 (e)

120, {>00, 6,=0,=00. )

The system of partial differential equations (4) and
(5), subject to conditions (d)—(f), has been solved ana-
Iytically by the Laplace Transform technique [12] to
obtain

= (=0, [+ "Pu@
nt | [TU=n/2)

6=y

n=0
‘EU_"/Z)U(T)

ni2 A j
+2 C’K'[rml—n/z)

qU-nl2— ’)u(r)

+,.Z CCKEGT S n/2—1):|:|:|

iff n<2 and j>n2—1+i 6)
= (=1 [ ot Pu)
b= [5 [Wr(l—n/z)

V=" Dy()
r(j+1-n/2)

+ Y, "G K] [99—'

J=1
TU—n2-Dy(7)

s |

iff n>2(noninteger) and j<nf2—1+i (7)

+ Y ICKiPF
i=1
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0] — Z (_l)nlién [A(n/" |)+ Z n/2C K/ [A(H'l n/2)
n=0

j=1

+ i -jCiKiZAU+l—n/2—i):|:|:|
i=1

iff n=24,6,..., and j=m2-1+i) (8)

and
0, = K, e~ %, ®

Here, A is the impulse function, u(-) the unit step
function, I'(+) the Gamma function, and % the
pseudo-function as defined by Hadamard [12]. A
relation useful for the evaluation of the pseudo- func-
tion in equation (7) is

) _ 1 u(7)

PF ) —PF _T(n/Dsinfn(n/2— 1] 57

The instantaneous rate of heat transfer per unit area
of a homogeneous liquid is

al
= pICpl(Tw - TO)\/(E>

_k(Tu—Ty)

oT,

= _kla

(10)
()
The corresponding rate for a slurry is
06,
Ry = (T —To) 73 3
$=0

kl(Tw——To)[ 1 2 .I:‘L'U_I/Z)u(t)

= + CK|| ==+

d, (@) j; LT G+1/2)

‘EU i- l/2)u()

a0,
Ry (T To),,é
T4, [\/(m)+,_z. K| 27 T

. U= U2y(7)
2 -ICKPF L
+i=| ciK g:r(i“‘i"']/z)

it Q> j+1/2. (12)

The heat transfer enhancement factor is

U= YDy(1)

E =R 1+¢(nz)Lz ”ZCK’[I_(H_I/,,)

Z T(J"' l/l)u(.r)
+,Z G G— +1/2)]]

(13)

iff i<j+1/2
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and
E =1 > ek | pr e )
= | 2GR 2
x oAy ()
+‘:Z' /C,-KZ././F‘(] .—_‘_’4‘%]]

i i>j+1/2. (14)

Special case. When the solid particles are absent,
K, = K, =0, and equations (13) and (14) imply that
E, = |, thus appropriately describing the limiting case
of a homogeneous liquid. The average rate of heat
transfer may be obtained from

_ 1 [
R, = = f R, (1) dr. (15)
{

)

The average heat transfer coefficient may be defined
as

Ry = hy(T,—T,). (16)
From equations (11), (12) and (15), we obtain
_ _k.(Tw—T(,)[ 2
Td Ly
£ U= 1Dy ok
PR P
x *(j=i=1,2) *
*x kK [r(j:f+ 1/2)<ij1:'4: 1/2)m
iff i<j+1/2 (17)
and
s k.(Tw—T0)|: 2
T 4 J(@r*)

x ) ) T*U_ '/z’u(‘[*)
wegi\lpg — 17
MR [ TG+ 10+ 1/2)

. y ,- _ t*'»’_i“'/l)u(f*)
+ X Gk [W FG—i+1/2)(j=i+ 1/2)]}]

(18)

Expressions for the flux may also be written in terms
of Bessel functions. For example, equations (17) and
(18) may be written in the following form which is
more compact :

- k(T,—
gy =BT

P

if P> j+1/2.

[{(1-+2B) exp (— B)}o(B)

+2BI,(B)] (19)
where
B = (K, +K,)*.

Comparing equations (17) and (18) with equation
(16), we obtain

‘L'*U_ l/Z)u(.[*)

- I‘I . i T)
f= [ETaY o] [ LAk A,
a d,,[J(m*ﬁ,; “ '[r(j+l/2>(j+1/2>

Y y ,. rHRU—i- l,'Z)H(T*)
+ ‘_; CiKs L‘(j—zur 12)(j—i+ W):H]
i<t 12 20)

and

kU~ '/z)u(r*)

k[ 2 = _
fy= —'[ + Y K [9’5«'
d, ~

Ja A TG+ 12G+1/2)

£ . A o T*u—i— I/Z)u(l.*)
+ 2 K ['} P =it 12 —i+ 1/2)]]]
i P> 12 @1)

Unlike the thermal penetration model, the surface
renewal model presumes a distribution of lifetimes
of elemnents from zero to infinity [11]. The relevant
expressions based on the surface renewal model are
obtained as follows:

RSI = li'(TW— Ty = Mb:&)
P
K,
" \/(,;[1 i (p+1<2)]> (22)
k(T,—T,) B k(T —T,)

R=NT,—T,) =

d, V= d,\/t*

(23)
b= Jl i) -l
" (P+Ky)]
and
hy =/'\/[1

p=1/t* =2k} = Nu".

Thus, the expressions included in the outermost
brackets in equations (20) and (21) represent the aver-
age Nusselt number for the slurry-hot surface system
according to the thermal penetration model. On the
other hand, according to the surface renewal model

KI klz
tFd Kok
(24)

Kkt
+ (I72d§+K2k,2)J (25)

where

RN [ o

THE FILM MODEL

Heat transfer phenomena can also be modelled
through a steady-state approximation. [t may be pos-
tulated that heat transfer occurs simultaneously to the
liquid and the particulate phase is idealised to be
pseudo-homogeneous. The governing differential
equations would appear as follows :
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d*T, hona

Mslolp o oy
o (h=T)=0 )

d:T., hya,

dx? m, Cpaty (Ti-T)=0 (28)
atx=0, T,=T,=T, (&)
atx=0, T1=T,=T,. (h)

The analytical solution of equations (27) and (28),
subject to boundary conditions (g) and (h), is

A&
0,=os=1+(00—1)§. (29)
The rate of heat transfer is
_ dT, dT,
Ry=—kd——| —kd—
9 kA, axloe kA, ax|ss (30
_ T,—T,
Rsl = (kIAI "_ksAx)'(_—»—é‘—O2 . (3])
The enhancement factor is given by
E, = Ri_ 1+ kA, (32)
" R h kA,

The ratio of the interfacial areas shared by the solid
and the liquid may be estimated from the theory of
Brownian motion {13, 14]. The average of the squares
of a large number of displacements of a micro-
scopically small particle is given by

. RT:

"= S (33)

The average speed of a particle is therefore

§=J(Q)t = J(RT3aNyr,0).

The average number of collisions of particles with the
interface is

(34

Z = (n,§)/2 (35)

and the rate of fractional exposition of the particles
to the interface is

d2 RT nd?
& =1 % |
q = “le -"P\/ <37tNr1rpt>|: 4 ] (36)

The expression for the fractional area offered by the
solid particles is

" da
1= j —=dt = n,J(RTr*nr}{3Nn) (37

o dt
where
r* = 12 x Relaxation time = 8r7 p,/3n.

The relationship is in conformity with the assumption
of Brownian motion as well as quasi-stationary par-
ticle motion [15]. It would appear that an analysis
based on the Brownian motion is in conflict with the
assumption of stationary particles made for describ-
ing heat transfer. It must however be remembered

that the Brownian motion approach proposed here is
itself only an approximation as heat transfer actually
occurs under non-equilibrium conditions. The par-
ticle motion and heat transfer are thus regarded as
uncoupled processes by presuming the particle motion
under equilibrium conditions, corresponding to a ref-
erence temperature, to be valid under the actual con-
ditions too.

RESULTS AND DISCUSSION

Figure 2 shows the dependence of the enhancement
factor E, on the material properties (equation (24)).
It can be seen that the enhancement in heat transfer is
highest for iron among the metals considered. Figure 3
presents two isometric views of a typical E.(K |, K)
surface. The region of values of parameters K, and
K, corresponding to significant enhancements in
heat transfer rate can be clearly visualised from these
three-dimensional plots. A sample calculation of the
enhancement factor E, from the surface renewal and
the film models reveals a striking agreement. The
values of parameters chosen for these calculations are
given in Table 1. Alternatively, in terms of A,/4, we
have, 4,/A, (surface renewal model) = 8.69x 10~*, a
value which is calculated by equating equation (24) to
equation (32), as compared to 4 (which is nearly equal
to A/A,) = 8.40 x 10~ * for the film model. The ratio
A,/ A, as computed for the surface renewal model has
no physical significance other than being an ‘equi-
valent’ to be compared to the quantity A, given by
equation (37). Further illustration of the agreement
between these models is provided by Fig. 4 which is
based on calculations for a broad range of magnitudes
of the volume fraction of solids (®,) in the slurry.

The above calculations bring out clearly the validity
of using the theory of Brownian motion for estimating
the fractional area occupied by the dispersed phase in
the case of the film model, and this is a novel com-
ponent of this analysis.

From the present analyses of linear systems, we find

2.5 T T T 7T 71717 T T T T T 7171
Materiat K2
Aluminium 20.65
Iran 14,03
Lead 33.88
Copper 1%.60
2.0 Magnesium | 28.30 7
Molybdenum | 19.50
i Sitver 2030
Tungsten 19.20
15k Equation (24a) a
1.0 1 Lo vl ! L T
1 10 100

FiG. 2. Dependence of the enhancement factor on the
material properties of the particles.
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FIG. 3. Isometric view of the £,(K,, K,) surface.

that the magnitudes of enhancement factors predicted
by the different hydrodynamic models are essentially
identical although the individual expressions for the
rates of heat transfer appear to be quite different in
form. Thus, these analyses are not only analogous to
the conventional mass transfer models but also extend
the ideas from a truly homogeneous situation to a
pseudo-homogeneous one while still maintaining the
mathematical linearity. The choice of a hydrodynamic
model is not of much significance insofar as nearly the
same magnitudes of enhancement factor are obtained.

The unsteady models are more general and accept-
able while the film model is a workable approxi-
mation. The former interpret the microheterogeneity
as sinks for the heat whereas the latter looks at heat

transfer as parallel conduction through two types of
continuous media even when one phase is dispersed.
Both are some forms of pseudo-homogeneous models.

Finally, a few comments on the apparent con-
tradictory effect of viscosity on the predictions of the
models would be in order. According to the film
model, if # is increased, 4 would decrease by equation
(37) and hence £, would decrease. On the other hand,
according to equation (24), which is obtained using
the surface renewal theory, A would decrease if #
is increased so that £y will increase. This apparent
contradiction can be resolved by observing that the
present theory is valid only for dilute low viscosity
systems. In the case of the surface renewal model, the
factor d? multiplies 4° which is the only quantity

T T T T T

2.0E-3

—— AS/A

1.6E-3

/A|

w 1.2E-3 |-

A of A

8.0E-4 |-

4.0E-4

A (Brownian Motion Approach - Film Theory)
I (Surface Renewal Theory)

L I 1 n ! L

0.0F0 f 2 L " {
0.00

0.25

0.50

Volume Fraction of Solids in Slurry, d)s

F1G. 4. Confirmation of equivalent predictions of heat transfer enhancement factor through the film and
surface renewal theories for different solid loadings.
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Table 1. Values of parameters

Parameter Value

0579 Wm~'K~!
143107 "m?s™!
1.0x10"*kgm~"'s~'

Thermal conductivity of liquid, &,
Thermal diffusivity of liquid,
Viscosity of liquid, 5

Heat transfer coefficient to the

pure liquid, /4 15787 Wm~2K~!
Particle diameter, d, 1.0x107°m
Avogadro's number, N 6.023 x 107* kmol ™'
Thermal conductivity of solid, &, 73 Wm~='K™!

Universal gas constant, R 8.3144 kJ kmol~ ' K~
Specific heat of the solid at

constant pressure, Cp, 0452kJ kg ' K~!

influenced by the liquid viscosity. However, 7 is an
extremely small number and hence the effect of vis-
cosity is made very small. The film model represents
a relatively stronger effect of viscosity, but it must be
borne in mind that the application of the theory of
Brownian motion to viscous systems would not be
correct as the motion of particles would be slow and
equation (36) would break down. For highly viscous
systems, the ratio of areas (solid to liquid) would
be largely governed by the fraction of cross-section
occupied by the essentially immobile particles at the
surface or in the bulk and the Brownian mechanism
would be not only unwarranted but also inadequate.
To sum up, the sensitivity of the film model to the
viscosity of the liquid ceases to be contradictory to
that of the surface renewal model because of the basic
premise that these models are applicable only to the
low viscosity dilute systems.

CONCLUSIONS

A novel approach based on the theory of Brownian
motion has been proposed to estimate the fraction
of heat transfer area exposed to the solid particles
required in the parallel conduction film theory
formulation.

The prediction of the enhancement in heat transfer
due to monodisperse microheterogeneity is relatively
independent of the choice of a hydrodynamic model.

It would be interesting to see it the conclusions of
this work logically extend to the situations involving
polydisperse heat sinks.
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